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Abstract:

In this work we interested the form of solutions, stability character and asymptotic of the
svstem nom-linear of difference equations in order g 4 1.

ne My, p>l
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0.1 Introduction

Difference equations usually describe the evalution of certain phenomena over the course
of time [1], The theory of difference equations developed greatly during the last twenty-five
vears of the bwentieth century. Also the difference equation i the relation between the terms
)] of the unknown sequence, which obtained from known principles, and then the equation is O
solved by a mathematical or numerical methods.

Its applications is rapidly increasing to various fields such as numerical analysis, biology,
economics, control theory, finite mathematics and computer science.

In 2013 [11], ¥ Yazhk, D.T.Tollu and N Taskara are investigated the form of the selutions of
the Following rational difference equation sysbems

n=0L12.. (1}

such that their solutions are associated with Padovan numbsers.
In 2016 2], Y. Halim concerned with the periodicity and the stability of the solutions of
the system of difference equations

ne My (2)

In 2021 [10], I. Talha, S.Badidja has studied the periodicity of solutions of the following
general system rational of difference equations

" _ Wl(Zn_(por)t¥n—p)
Il = s T _(p_1)— W’
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which $=2.3,...
In 2019 [9], I. Okumus, Y. Soykan are study the explicit form, stability character and global
behavior of solutions of the following two systems of rational difference equations

4

T — 1

sl = yn—(p—l)(z'l—P_*_l)_f'l’

< neNy, p>1 (4)
Yntl = .

\ n+l Tn_(p—1)(Yn—p+1)+1

fll: . o
skl — yn—(p—l)(zn—p_l)'f_l’
) neNy, p>1 ®)
—1
1 P
\J71+1 Cl’n~-(p~1)(:‘/"—})_1)'{"]‘

Then, in this work we investigate with the solutions, stability character and assymptotic
for the following systems of difference equations

[ 1

xn+1 == y"_(P_l)(zn—p"}'l)'f‘l’
‘l ! 1
kJ,H,l T Zn_(p_1yWn—pt1)+1
o ~1
.’Ln—{»—l - y"_(p_l)(ll'n—p_l)_*_l’
< neNy, p=>1 @

=
Yn+1 Tn—(p—1)(Yn—p—1)+1

0.2 Preliminaries

Tribonacci numbers :

Definition 0.2.1 [7] The Tribonacci numbers T,, are defined by the recurrence linear relation

Th=Tha+Th 2+T, 3,n>4
T =T, =1 )
T3=2

the first Tibonacci numbers are 1, 1,2, 4,7, 13, 24, 44, 81..... which the characteristic equation associa-
ted to the previous recurrence relation is given by :

-2 —2-1=0 9)

it’s roots are as follows : « (real root), 3 and ~ (tow complex roots are conjugated).
More generally, we can give the following limit

lim =a, re’.

n—-—+oco n

0.2.1 Equilibrium point 4]

Now, in the rest of this section we shall present some basic notations and results on the
study of nonlinear difference equations which will be useful in our investigation. Let f, g be
two continuously differentiable functions :

foIP g jptl e G goptly grtl. . 5 7
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with 7, J C R, and for n € N, we have the system of difference equations

T+l = f(xns -1y s Tn—ps Yns Yn—1,- - - yn—p)

(10)
Yntl = g(l"na LTn—1y s Tn—ps Yns Yn—1, - - - yn—p)-
such'that z_s 26 1y, & giagyins v B0 P -1 Yoy v Yo € IPtl ¢ gptl

The map H is defined by
H: PP Rl x ]

where

H(‘I/) = (f(I/I/,)* fl (‘T/')’ fQ(‘/V)! f3(‘1/)* SRR fp(”f)w g(n/)ﬂ gl(”r)w g2(""V), g3(‘V)* s *gp(‘vv))
in which
W = (ug, u1, ug, . . ., UpVp, V1, V2, . - . ,vp)T

W) =wuo, (W) =u1, f(W)=up

g(W) =v, g(W)=uv1, g(W)=1vpq
Let

W = (:an Tn—1y---yTn—p; Yn, Yn—1,. .. ayn—p)T

it’s noted that the system ([10)) is equivalent to the following radial system

Wata =HWs), n=0,1,2,..., (11)
Which

Tp+l = f(wm Tn—1,Tn-2,Tn-35- -+ Tn—ps Yn, Yn—1, Yn—-2,Yn-3 - - - ayn—p)

Tn—(p-1) = Tn—(p-1)

4 YUn+1 = g(‘Tna Tn—1,Tn—2,Tn-35-+ - Tn—ps Yn> Yn—1,Yn-2,Yn-3 - - -, yn—p)
Yn = Yn
Un—1 = Yn—1
Yn—2 = Yn—2

. Un—(p—1) = Yn—(p-1)-

The notion of equilibrium points is central in the study of the dynamics of any physical
system. In many applications in biology, economics, physics, etc. It's desirable that all solu-
tions of a given system tend to it’s equilibrium point. This is the subject of study of stability
theory.

Now we provide definition for equilibrium point :

3



Definition 0.2.2 (Equilibrium point)[4] The equilibrium point (z,y) € I x J of the system is
a solution of the system :

B =P e Bl A 09))
Y= g(‘rsxa'”3$syays"‘3y)
Also, an equilibrium point W € I x JPt1 of system is a solution of the system
W = H(W).
Definition 0.2.3 (Stability)[2] Let W be an equilibrium point of system and ||.|| be any norm
(e.g., the Euclidean norm).
1. The equilibrium point W is called stable (or locally stable) if for every e > 0, there exists § > 0
such that |Wo — W|| < 6 implies |W, — W|| <€, forn > 0.
2. The equilibrium point W is called asymptotically stable (or locally asymptotically stable) if it
is stable and there exists v > 0 such that |Wy — W || < ~ implies

|Wn — W|| — 0, n— +oo.

3. The equilibrium point W is said to be global attractor (respectively global attractor with basin
of attraction a set G C IPT! x JPH) if for every Wy (respectively for every Wy € G)

|W, —W|| — 0, n— +oo.

4. The equilibrium point W is called globally asymptotically stable (respectively globally asymp-
totically stable relative to G) if it is asymptotically stable, and if for every W, (respectively for
every Wy € G)

|Wn — W|| — 0, n— 4oo.

5. The equilibrium point W is called unstable if it is not stable.

Theoreme 0.2.1 (Rouche’s theorem) ([1], [8]) Let f(\), g(\) two holomorphic functions in an open
2 of the complexe plane C, and either K a compact contained in Q, with

| g(\) [<| F(A) |, YA€ OK.
Then the number of zeros of f(\) + g()\) in K is equal to the number of zeros of f(\) in K.

Remarque 0.2.1 (z,7) € I x J is an equilibrium point for system if and only i
W = (2,2,...,%9,7,...,7) € P! x JP*Lis an equilibrium point of system ([L1)).
The linearized system associated to the system according to the equilibrium point
W = (,%,...,%0,7, .- .,7) € "™ x JPTis given by
Wopp = MWy,n=0,1, ...

where M is the Jacobian matrix of the application about the equilibrium point W given by

[ ALW) ... %(W) L) ... %(W)
Afr ((Th7 ofi (a7 Of (7 oh T
shwy) ... Lw) W) ... W)
8% (T Ofs 7\ Ofa (77 ofs (V7
24.((W)) 2W) 2w =0
0 $3 74 d 7 6' 7 3] $3 74
| () (W) Z2(W) (W) ]




Theoreme 0.2.2 [2] If all the eigenvalues of the Jacobian matrix M lie in the open unit disk |\| < 1,
then the equilibrium point W of system is asymptotically stable.

On the other hand, if at least one eigenvalue of the Jacobian matrix M have absolute value greater
than one, then the equilibrium point W of system is unstable.

0.3 Main Result

In this paper we deal the form of solutions of the rational difference equations systems

(©) and (7).

0.3.1 First system

In the first part, we interested to the form of solutions, then studied the stability of the
following system of rational difference equations

Tora = 1
ntl = yyl—(p—l)(mvl—p+1)+1’

nc No, P =1 (12)
. s 1
Yntl = ‘En_(p_L)(yn—p‘H)‘f‘l

which the initial conditions of the negative index terms :

T _py T (p=1)s T—(p=2)s - + - s L0 Y=ps Y—(p—1)s Y—(p-2)5 - - - s Y0 ER — F
with

F=U {(x—pa T—(p—1)s T—(p=2)5 -+ - » LOs Y=ps Y= (p—1)> Y—(p—-2)» - - - syO) : An =0,B,=0,C,=0,D, = O}

such that
Ay Ton—2p-1)Ti—(p+1)Yp—i + (T2n—2p + Ton—(2p-1))Yp—i + Ton—(2p-2)
B, = T2n—(2p—1)yi—(p+l)$p—i + (T2n—2p + T2n—(2p—l))a;p—i + T2n—(2p—2)
Cn Ton—2p-2)Yp-1Ti—(p+1) + (Ton—(2p-1) + Ton—(2p-2)) Ti—(p+1) + Ton—(2p-3)

Dn = Ton—@p-2)Tp-iti-(p+1) + (T2n—@p-1) + Ton—(2p-2))¥Yi-(p+1) + Ton—(2p-3)-
The following theorem describes the form of solutions of system (12)).

Theoreme 0.3.1 Let {x,, yn}, be the solutions of system . Thenforn=0,1,2,..;andp > 1,
the forms of {xn, Yn},>o are given as
1/ Fori=1,2,...,p

Ton—2pTi—(p+1)Yp—i + (T2n—(2p-2) — Ton—(2p-1))Yp—i + Ton—(2p-1) (13)
T‘?.n—(2p—1)-73z'—(p+l)yp—i & (T2n—2p -+ T2n—(2p—l))yp—z' + T2n—(‘2p—2)’

L2pn—i =

2l For o= 1,2, osciP

T2n-—2pyi—(p+l)$p—-i I (T2n—(2p—2) - TZn-—(?p-—l)):Ep—i + T‘Zn—(‘Zp——l)
Yo b= : (14)
Ton—(2p-1)Yi—(p+1)Tp—i + (T2n—2p + Ton—(2p—1)) Tp—i + Ton—_(2p—2)

3/Fori=p+1,p+3,...,2p

Ton—(2p-1)Yp—iTi—(p+1) + (T2n—(2p-3) — T2n—(2p-2))Ti—(p+1) + Ton—(2p-2) (15)
Ton—(2p-2)Yp—i%i—(p+1) + (Ton—(2p-1) + Ton—(2p-2)) Ti—(p+1) + Ton—(2p-3)

L2pn—(i—1) =
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4/ Fori=p+1,p+3,...,2p
Ton—(2p-1)Tp—i¥i—(p+1) + (T2n—(2p—3) - T2n—(2p—2))yi—(p+1) + Ton—(2p-2) (16)
Ton—2p-2)Zp—illi—p+1) T+ (Ton—2p-1) + Ton—(2p-2))¥Yi-p+1) + Ton—(2p-3)
where T,, the nth Tribonacci numbers.
Proof
By induction
The result hold for k = 0. Now we suppose that k > 0 and that our assumption holds for k — 1. That
is
Fori=1,2,...,p

Yopn—(i—1) =

el ba— Tok—(2p+1)Yi—(p+1)Tp—i + (Tox—2p-1) — Tor—2p)Tp—i + T2k—2p’ 17
Tok—2pYi—(p+1)Tp—i + (Tor—(2p+1) + Tor—2p) Tp—i + Tok—(2p-1)
Fori= 1L cwup
_ Tok—2p+1)Ti—(p+2)Yi—(p+1) + (T2h—(2p-1) — Tok—2p)Yi—(p+1) + T2k—2p (18)

Tok—2pTi—(p+2)Yi-(p+1) + (T2k—(2p+1) + Ton—2p)Yi—(p+1) + Tok—(2p-1)
Fori=p+1,p+2,...,2p
Tor—2p+2)Ti—2p+2)Yi-2p+1) T (Tor—2p — Tor—(2p+1))¥i—(2p+1) + T2h—(2p+1) (19)
Tok—(2p+1)Ti—(2p+2) Yi-2p+1) T (Torn—2p+2) + Tor—@p+1))Yi-(2p+1) + Tor—2p’
Fori=p+1,p+2,...,2p
Tor—(2p+2)Yi—(2p+2) Ti—(2p+1) T (T2k—2p — Tok—(2p+1))Ti—(2p+1) + T2k—(2p+1) (20)
Tok—@p+1)Yi-(2p+2)Ti—(2p+1) + (Tok—(2p+2) + Tok—(2p+1))Ti—(2p+1) + Tok—2p’
In the other hand and for i = 1,2,3, ..., p, it follows from ([12), and

1

Y2p(k—1)—i

Top(k—1)—(i-1) =

Y2p(k—1)—(i-1) =

Lo i =
P Yople1)—i(@ap(r—1)—(i—1) + 1) +1
1
 Dop—pr)Ti—(pr1)¥p—i + (Tok—@2p—1) — Tor—2p)Yp—i + Tor—2p % (gt d D)4
el
Tok—2pTi—(p+1)Yp—i + (Tor—(2p+1) — Tak—2p)Yp—i + Tok—2p-1) P
1
B . (Tzk—(2p+2)$i—(p+1)yp—i + (Tor—2p — Tok—(2p+1))Yp—i + Tok—@ps1) . 1) 11
—F Top—(2p+1)Tie(p+1)Yp—i T (T2r—2p+2) — Tor—(2p+1))Yp—i + Tok—2p
 Dak—p%i(p)¥Yp—i + (Tok—(2p-2) — Tok—(2p—1))Yp—i + Tok—(2p-1)
Tor—(2p-1)Ti—(p+1)Yp—i + (Tak—2p + Tok—2p—1))Yp—i + Tor—(2p-2)
Then
. _ Toak—2pmi—(p+1)Yp—i + (T2k—(2p-2) — Tok—(2p—1))Yp—i + Tok—(2p—1)
Ipk—i =
P Dok 2p-1)Zi—(pi1)Yp—i + (Tok—2p + Tok—(2p—1))Yp—i + T2k—(2p2)
and
1
Yopk—i =

T2pk—1)—i(Y2p(k—-1)—(i-1) + 1) +1
1
Tor—(2p+1)Yi-(p+1)Tp—i + (Tor—@2p-1) — T2k—2p)Tp—i + Tok—2p
Tok—2p¥i—(p+1)Tp—i + (Tor—(2p+1) + Tok—2p)Tp—i + Tor—(2p-1)
1
Tap-2p X (TZk—(2p+2)y2'—(p+l)a7p—i + (Tak—-2p — Tok—(2p+1))Tp—i + Tok—(2p+1) n 1) +1
Tor—2p+1)Yi-(p+1)Tp—i + (Tok—2p+2) + Tor—(2p+1)) Tp—i + Tor—2
Tok—2p¥i—(p+1)Tp—i + (Tor—(2p-2) — Tok—(2p-1))Tp—i + Tox—(2p-1)
Tor—2p-1)Yi—(p+1)Tp—i + (Tar—2p + Tor—2p-1))Tp—i + Tok—(2p-2)

X (Y2pge—1)-i-1) + 1) +1

6



Hence,
" _ Tor—2pYi—(p+1)®p—i + (Tok—2p-2) — Tok—(2p-1)) Tp—i + T2k—(2p-1)
opk—i =
P Dok 2p-1)Yi—(p1)Tp—i + (Tok—2p + Tok—(2p-1))Tp—i + Tok—(2p—2)

Similarly, fori = p+1,p+2,...,2p and from (12), and we obtaind
1

LoOmte —(4— =
S Yapki(Baplr=1)2i-t-1)++ 1
1
N Tor—2pYp—iTi—(p+1) + (Tor—(2p-2) — T2k—(2p—1)) Ti—(p+1) + Tor—(2p-1) X (amptyoi + 1) + 1
Tor—2p-1)Yp—iTi—(p+1) T (Tok—2p + Tok—(2p-1)) Ti—(p+1) + T2r—(2p—-2) pk—1)~
1
N e 5 <T2k—(2p+1)yp-iﬂ?z‘—(p+1) + (Tor—2p—1) — T2k—2p) Ti—(p+1) + Tor—2p n 1) L
=) Top-9p¥p-iTi=(p+1) +(Don—(apr1) + Ton-2p)Fi— 1) + Tor—(2p—1)
B Tor—@2p-1)Yp—iTi—(p+1) T (T2r—2p—-3) — Tor—(2p-2)) Ti—(p+1) + T2k—(2p—2)
Tor—(2p—2)Yp—iTi—(p+1) T (Tor—2p-1) + Tok—(2p-2))Ti—(p+1) + Tor—(2p—3)
then
. _ Dak—(2p-1)Yp-iTi—(p+1) + (T2k—(2p-3) — Tok—(2p-2)) Ti—(p+1) + Tok—(2p-2)
2pk—(i—1) =
ph—{i=1) Tor—(2p-2)Yp—iTi—(p+1) + (T2k—2p-1) + Tok—(2p-2))Ti—(p+1) + Tor—(2p-3)
and
1
o —
J2Pk (i—-1) $2pk—i(y2p(k—1)—i s 1) e 1
i
B Tok—2pTp—i¥i—(p+1) + (Tor—(2p-2) — Tok—(2p-1))Yi—(p+1) + T2k—(2p-1) X (yapenyi+ 1) + 1
Tor—(2p-1)Tp—iYi—(p+1) T (Tor—2p + Tor—(2p-1)) Yi—(p+1) T+ Tok—(2p-2) B
1
B o 1) X <T2k—(2p+1)l7p—iyi—(p+1) + (Tor—(2p-1) — Tok—2p)Yi—(p+1) + Tor—2p 4 1) 29
el Tor—2pTp—ilhi—(p+1) + (Tor—(2p+1) + Tor—2p)¥i-(p+1) + T2k—2p-1)
B Tor—@p-1)Tp—iYi-(p+1) + (T2k—(2p-3) — Tor—(2p-2))Yi—(p+1) + Tor—(2p-2)
Tor—(2p—2)Tp—iYi—(p+1) T (Tak—2p-1) + Tor—(2p-2)Wi—(p+1) + Tok—(2p-3)
So
Tok—(2p-1)Tp—i¥i—(p+1) + (T2r—(2p-3) — Tor—(2p-2))¥i—(p+1) + Tor—(2p-2)
Yopk—(i—1) =

Tor—(2p-2)Tp—iYi—(p+1) T (Tok—2p-1) + Tor—(2p-2) Wi (p+1) + Tok—(2p-3)

Existence of equilibrium point
We have the following system of equations

1
y(z+1)+1

8l
I

(21)

1
zZ(g+1)+1

o]

In (21), by subtracting the second equation from the first equation and by some computa-
tions, we get

[u—y
—

=i
|

=~
Il
|

[y
+
3
+
~d|
i
+
i
+
=i



and by some operations we get the result
@-yll+zyg+y(1+yz+z)—1]=0

if (1+zy+ y)(1 +yz + z) = 1 the equation cannot be satisfied car :

) 1 1+ 93+ 7
€T — =
1+zg+5 (QA+zg+9)(1+5%+7)
if
1+z5+7)(1+gz+7) =1
we get
7 #(1+9yz+7)

So

=
Il
]

Then, the system can be written as

P +72+7-1=0
{:1: o i e o (22)

P+ +5-1=0

and the characteristic equation z° + z* + z — 1 = 0 is having three roots a, b and ¢ where,

_ 1+3/1943/33+ 3/19-3/33
= 3
p— Ltw 3/19+3/33+w? 3/19-3/33
= 3
14w /19+3v33+w 1/19-3v33
3

Cc=

and w = # is a primitive cube root of unity. Hence the unique real positive equilibrium

point of system (12)) is given by
W = (a,a,...,a,a,a,...,a) € I[P x JPT!, Which a is the real root of the characteristic
equation : 2% + 2%+ — 1.

Theoreme 0.3.2 The equilibrium point of system (12)) is locally asymptotically stable.
Proof
Let I = J = (0, 4o00) and consider the functions :

FodPtl x gotl 5 1 g Pl gptl 5 g

defined by

1
yn—(p—l)(xn—P 7+ 1) L
1
xn—(p—l)(yn—p EE ]-) 0

f(-'Em Tn—1,---yTn—p,Yn,Yn—1,-.., yn—-p) =

g(l:m Tn—1s---sLn—ps Yn>s Yn—1, - - - wyn—p) —
and we have the following transformation

(ajnwl'n—la coy Tn—(p=1)s Yns Yn—15 - - - 1:1/71—(})—1)) = (fl!f'lw o 3fpvglagZa s ~gp)



with )
. _ . o , — 1
f(Tn, Tn-1,..., Tn—psYn, Yn—1, - -, !/n—p) = Yoot @n_ptDF1
fl(wns Tn—1s -+ s Tn—ps Yns Yn—1,- - - syn—p) = Tn
fQ(Inw LTn—1s- s Tn—ps Yn> Yn—1,- - - vyn—p) = Tp—1

f3($na Tn—1y---sTn—ps Yns Yn—1,- - - vyn—p) = Tp-2

fp(l‘na Tp—1y- s Tn—ps Yns Yn—1, - - - ayn—p) = Tn—(p-1)

4 :
5 A s ; o 1
g(lm Tn—1s-« s Tn—py Yns Yn—1,- - - yn—p) = Zn_(p_1)Wn—pt1)+1
agi (xn, Tn—1y--sTn—p, Yn,Yn—1, ... 3yn—p) = UYn
2Ty Tp1y 0o y Ln—py Ynys Yn—1, - - - wyn—p) = UYn-1
93(3371, Tn—1y---sLn—ps Yn> Yn—-1, - - - ayn—p) =Yn-2
4 gp(x‘namn—la <oy Tn—pyYns Yn—1; - - - ayn—p) = Yn—(p-1)-

The linearised system associated to the non-linear system about the positive equilibrium point
W = (a,a,...,a,a,a,...,a) € IP x JPtl s given by

‘/I/Tl +1i= Al-[ "IVTL 3 (23)

which
T
"’Vn = (Ina Tn—1,Tn-2,Tn-3,---,Tn—p; Yn, Yn—1,Yn-2,Yn-3 - .., yn—p)

and M is 2p x 2p Jacobian matrix given as

— _3 —(a+l) =
00 ... 0 e 0 0 L. e 0
1 0 0 0 0o 0 ... 0
1 0 0 0o 0 ... 0 0
M=10 0 ... 1 0 0o 0 ... 0 0
—(a+1) —a

0 0 .. (a(a+1)+1)2 0 0 0 ... 0 (a(a+1)+1)2

| ( R 0 0 1 O e 0 0

00 ... 0 0 0 0 ... 1 0

Hence, the characteristic equation of the Jacobian matrix M is given as
(A% +(g—1DA4+aD) (A = (a—DA+aY).

Numerically we get
A = [A2] = |Aa| = ... = |Agp| > 0.40089 < 1

Therfore, the equilibrium point W is locally asymptotically stable.

9



Theoreme 0.3.3 The equilibrium point of system (12))is globally asymptotically stable.
Proof

Let {p,yn} o be a solution of system ([L2).
By definition[0.2-3|we just need only to prove that W is global attractor, that is

lim (zn,y,) =W.

n——+o0o

From theorem [0.3.1} We have

Ton—2pTi— (p+2)¥i—(p+1) + (Ton—(2p—-2) — Ton—(2p-1))¥i—(p+1) + T2n—(2p-1)

lim 29,,—s = lim
pn—i
n—+oo n—r+00 Thn_(2p—-1)Ti— (p+2)Yi—(p+1) + (T2n—2p + Ton—(2p-1))Yi—(p+1) + Ton—(2p-2)
T2n—(2p—2) T2n—(2p—l) T2n—(2p—l)
; Don-2p(@i-pr2)¥i-p+1) + (TR 5o = "oy MWi-p4) T =75, 5 )
= im
T. 7 — 5
n—-+o0 T " s ,, 2 : 2n—2p 2n—(2p—1) \,,. f2n—(2p-2)
Don-p-1)(@i-pr2¥i-+1) + (7, 0t T Wi T T o y)

Tipra)¥i-(pa1) + (0¥ = OYi ey + @ < L )

Tio(ps2)Yi-(pr1) + (2 + DYicpr) + @ \n—+% Ton_(2p-1)

|
«
a.

lilnn—H—oo L2pn—(i—1)

Ton—2p-1)Yi—(2p+2)Ti—2p+1) T (Ton—(2p-3) — Ton—(2p-2)) Ti—(2p+1) + Ton—(2p-2)

= lim
n—r+00 Thn_(2p—2)Yi—(2p+2)Ti—(2p+1) + (T2n—(2p-1) + Ton—(2p-2))Ti—(2p+1) + Ton—(2p-3)
T2n—(2p—3) T2n—(2p—2) TZn—(Zp-Z)
y Ton—(2p-1)(Yi-@p+2)Ti-@p+1) T (T oy ™ Ty )%=t T T o))
= 11m
T 2
n—s+o00 I Y . 2n—(2p—1) 2n—(2p—2) \ ... ) .
T2n—(2p—2) (yz—(2p+2)xz—(2p+l) =+ (T2n—(2p—2) Ton_(2p—2) )a'z—(2p+1) + TZn—(Zp—3))

. Yi—(2p+2)Ti—(2p+1) T (042 - a)$i—(2p+1) T ( lim T2n—(2p—1)>
Yi—(2p+2)Ti—(2p+1) T (i +1)xi_gpr1) + @ \n—+00 Top(2p-2)

1

a

a.

Similarly we obtained

lim Yopn—i = Q, lim Y2pn—(i-1) = @
n—s+00 n—s—+00

So
lim (&,,0:) =We

n—r+00

Hence, the equilibrium point W is globally asymptotically stable.
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Example 0.3.1 Inorder to confirm the results obtained. We consider the following numerical example.
1/ Assume x_5 = 5.24, x_y = 2.54, 20 = 14,y_o = —7.12,y_ = 0.12, 0 = 8.16

x{n), ¥(n)

Figure 1- The sequences (z,),~, (blue) and (y,),,-, (green) of solution of the system for
p = 2 with initial conditions x_y = 5.24,x_1 =254, 20 = 14,y_o = —7.12,y_; = 0.12,
Yo = 8.16

2/ Assume x_3 = —9.5,x_9 =42.24, x_y = —2.54, 29 = 14.2,y 3 = 17,y_5 = 0.12,y_; = 1.2,
Yo = 6.16.

o
@

x{n), y(n)

b
I

L
N

| I T VS U S NS N B
0

Figure 1- The sequences (zy),,>, (blue) and (y»),-, (green) of solution of the system (12 for
p — 3 with initial conditions &3 = —9.5, _p = 42.24 z_; = —2.54, 7o = 14.2,y_3 = 17,
yg= 012,43 = 1.2, = 6.16.

From the previous figures ,we show that the sequences {xn,yn},>o of system (12) are converges
to the equilibrium point W := (a,a, ..., a,a,a,...,a) € IP*t x JP¥l
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0.3.2 Second system

In the second part of this work we also study the explicit form and the stability for solu-
tions of the following system of rational difference equations

T = =1
ntl yrl—(p—l)(zn—p_l)+l’

neNy, p>1 (24)
-1
mn—(p_l)(yn—p—l)-}-l

Yntl =
which the initial conditions of the negative index terms :
T py T—(p=1)> T—(p=2)s - + - » L0y Y=py Y=(p-1)s Y=(p~2)s - - - » Y0 ER — F
with

F=U {('T—ps L—(p—1)s T—(p=2)s ++ - » LOs Y=ps Y= (p—-1)> Y=(p—-2)5 - - - » Z/O) : An = Ov B, =0,C, = 01 D, =

such that
Ay, Ton_ 2p-1)Ti—(p+1)Yp—i (TZn—2p+ T2n—(2p—l))yp—i +T2n—(2p—2)
B, Ton— 2p-1)Yi—(p+1)Tp—i (T2n 2p+T2n (2p— 1))Ip—i+T2n (2p—-2)
Cn = Ton—(2p-2Up-1%i—(p11) — (Ton—(2p-1) + Ton—(2p-2)) Ti—(p+1) + T2n—(2p-3)
D, Ton—(2p-2)Tp—i¥i—(p+1) — (Ton—(2p-1) T Ton—(2p-2))¥i—(p+1) T T2n—(2p-3)-

Theoreme 0.3.4 Let {x,, Jn}n>0 be the solutions of system (24 . Thenforn=0,1,2,..;andp > 1,
the forms of {z,, Jn}n>0 are given as

W Eori=1,2 ...,
" = (Ton-2pi—pe1y¥p—i + (Ton—2p-1) — Ton—2p-2))¥p—i + Ton—(2p-1)) (25)
2p—1 — 3
= T‘Zn—(2p—l)$i—(p+l)yp—z‘ - (T2n—2p =1 T2n—(2p—l))yp—i 53 T2n—(2p—2)
2] Ford= 1,2, .xwyp
— (Ton—2pVYi—(pe1)Tp—i Ton—20-1) — Ton—(20-2))Tp—i + Ton—(2p—
. (Ton-2pti- e @p-i + (Ton-p-1) =~ Ton-(zp-2))2p-i + Ton-p-1)) 26)

Do fopeny e lprt) s — Donzopt-Tonefop=1)) BpseF Ton—ope-9)
3/Fori=p+1,p+3,....2p

= (Bon—@p-1y¥p-ii—p+1) + (Ton—(2p-2) — Ton—(2p-3)) Ti—(p+1) + Ton—(2p-2)) 27
Ton—(2p-2)Yp—iTi—(p+1) — (Ton—(2p-1) + Ton—2p—2))Ti-(p+1) + Ton—(2p-3)

4/ Fori=p+1,p+3,....2p

— (Ton—@p-1)Tp—iYi—(p+1) + (Ton—(2p—2) — Ton—(2p—3))Yi—(p+1) + Ton—(2p—2))

(28)
TZn (2p—-2)Tp—iYi—(p+1) (TZn 2p—1)+T2n (2p— 2))Jz (p+1) +T2n (2p—3)

Yopn—(i—1) =

where T, the nth Tribonacci numbers.
Proof
This theorem is proven in the same way as in the proof of theorem (0.3.1))(from a simple induction).
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Existence of equilibrium point

We have the following system of equations

=1
|

(29)

=

In , and after some computations, we obtained = = y. Therefore, we obtained the follo-
wing characteristic equation
P -2 +F+1=0 (30)

this equation is having three roots d, e and f which,

g = HV/3VE-17+1/3V3B117
= 3
o = Liw {/3v/33—17—uw? }/3y/33+17
= 3
f = 1+w Y/3v33—17—w V/3V/33+17
= 3

and w = '”T“/E is a primitive cube root of unity. Hence the unique real negative equilibrium
point of system is given by

W = (dd,...,d,dd,...,d € IP*' x Jr*l. Which d is the real root of the characteristic
equation : 23 — 22 + x + 1.

Theoreme 0.3.5 The equilibrium point of system is locally asymptotically stable.
Proof
This theorem is proven in the same way as in the proof of theorem ((0.3.2)),
then we obtaid
IA1| = [Aa| = [As| = ... = |Agp| ~ 0.40089 < 1.

Therfore, the equilibrium point of system is locally asymptotically stable.

Theoreme 0.3.6 The equilibrium point of system ([24))is globally asymptotically stable.
Proof

This theorem is proven in the same way as in the proof of theorem (0.3.3)

then, we obtained

lim xopn—i =d, im x9p, (1) =d
n—-+oo n——+oo
and
lim  yopn—i = d, Im  yopn—rio1)y = d
71—>+00J2pn 7 n—)+ooJ2pn (i—1)
So

Bm (2zn,y) =W = (d,d,...,d,d,d,...,d) e [Pt x jrt!

n——+oo

Hence, the equilibrium point W of system is globally asymptotically stable.
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Example 0.3.2 In order to confirm the results obtained. We consider the following numerical example.
1/ Assume x_5 = 5.24, x_y = 2.54, 20 = 14,y_o = —7.12,y_; = 0.12, 0 = 8.16

04

02F-A---

0.2 He i

s
=

#n), #(0)
&
o

Figure 1- The sequences (z,),-, (blue) and (y, ), (green) of solution of the system for
p = 2 with initial conditions z_5 = 5.24,2_; = 2.54, 29 = 14,y_y = —7.12,y_; = 0.12,
Yo = 8.16

2/ Assume x_5 = —9.5,x_5 =42.24 x_1 = —2.54 19 = 14.2,y_3 = 17,y_5 = 0.12,y_; = 1.2,
Yo = 6.16.

X[, yin)

Figure 1- The sequences (zn),,-, (blue) and (yx),~, (green) of solution of the system for
p = 3 with initial conditions z_3 = —9.5,x_9 = 4224, x_1 = —2.54, 20 = 14.2,y_3 = 17,
Ya2= 0.12,3/_1 = 12, Yo = 6.16.

From the previous figures ,we show that the sequences {xn,yn},>o of system are converges
to the equilibrium point W := (d,d, . ..,d,d,d,...,d) € IP*1 x jri!
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